The Assmus{Mattson theorem is a method to nd designs in linear codes over a nite eld. The purpose of this paper is to give an analogue of this theorem for Z 4 -codes by using the harmonic weight enumerator which is introduced by Bachoc. This theorem can nd some 5-designs in the lifted Golay code over Z 4 which were discovered previously by other methods.
Introduction
The Assmus{Mattson theorem is a method to nd designs in linear codes over a nite eld. The theorem can nd 5-designs in the extended binary Golay code, the extended ternary Golay code, and some other codes. The theorem is shown by using a combinatorial method and the MacWilliams identity in [1] (or see [6] ).
Let us consider Z 4 -codes in this paper. It is shown that the lifted Golay code over Z 4 contains 5-designs in [5] , [8] , and [9] . Hence it is a natural problem to nd an analogue of the Assmus{Mattson theorem for Z 4 -codes and to show those facts by the theorem.
Recently, Bachoc [2] gave a new proof of the Assmus{Mattson theorem for linear binary codes. She introduced the harmonic weight enumerators for a binary linear code and showed a MacWilliams type identity for the weight enumerators. The Assmus{Mattson theorem for linear binary codes is shown by using this identity and the characterization of designs in terms of the harmonic spaces by Delsarte. In this paper we modify her method and apply it to Z 4 -codes. In section 2, we introduce Z 4 -codes and designs. In section 3, we show an identity in Theorem 2. But it is not quite MacWilliams type. We have an analogue of the Assmus{Mattson theorem for Z 4 -codes by using this identity in Theorem 3. In section 4, we apply this theorem to the lifted Golay code over Z 4 and show that this code contains 5-designs on some Lee compositions.
Notations and Preliminary
Throughout this paper, we use the following notations: n; t; k : positive integers such that t; k n,
The set of all subset of f1; 2; : : : ; ng, X i : The set of all subset of f1; 2; : : : ; ng of cardinality i (i = 0; : : : ; n),
We denote by RX, RX i , and RV the free real vector spaces spanned by respectively the elements of X; X i , and V . A Z 4 -code C is said to be self-dual if C = C ? . We call an element of f(n 0 (u); n 1 (u); n 2 (u)) j u 2 Cg a Lee composition of C.
An element of RX k is denoted by
We denote an element of RV similarly. We introduce the denition of designs and recall the characterization of designs in terms of the harmonic spaces. Denition 2 Let i be an integer such that t i and be a positive integer. Let B X i . We say B is a t-(n; k; ) design (or t-design simply) if #fU 2 B j T U g = for all T 2 X t .
Theorem 1 [7] Let i be an integer such that t i and B X i . B is a t-design if and only if P b2Bf (b) = 0, for every f 2 Harm k and for every k such that 1 k t.
3 An identity and the main theorem
In this section, we dene the harmonic (symmetrized) weight enumerator associated to a Z 4 -code and show an identity and Theorem 3.
Denition 3 Let C be a Z 4 -code of length n and f 2Harm k . The harmonic symmetrized weight enumerator associated to C and f is
and the harmonic weight enumerator associated to C and f is
When f = 1 2Harm 0 , W C;f (x 0 ; x 1 ; x 2 ) is the usual symmetrized weight enumerator W C (x 0 ; x 1 ; x 2 ) and W C;f (x; y) is the usual weight enumerator W C (x; y). The harmonic weight enumerators for a binary linear code is introduced in [2] .
Theorem 2 Let C be a Z 4 -code and f 2Harm k . Then
Corollary 1 Let C be a Z 4 -code and f 2Harm k . Then Proof: We have the results when we put and x 2 = x 1 in Theorem 2. 2
Remark. This corollary is an analogue for Z 4 -codes of Theorem 2.1 in [2] (for binary codes).
We have the proof of the theorem after the following lemmas.
Proof: For (i; j) such that i+j < k, Proof: (1) and there are pairs of Lee compositions of C of type (2) Now we state the main theorem. The Assmus{Mattson theorem for codes over a nite eld is a method to nd t-designs in a code C by using the information of the weight distribution of C and C ? . Note that the following theorem gives a method to nd t-designs in a Z 4 -code C by using the information of the distribution of Lee compositions of C and C ? . So the theorem is an analogue of the Assmus{Mattson theorem for Z 4 -codes. Suppose that the rank of M (k) is equal to its column length (= #3 3 (k)) for every k (1 k t) . Then, the supports of the codewords with Lee composition (n 0 i 0 j; i; j) 2 0(C) with t i + j n 0 t form a t-design.
Proof: Let Comparing the coecients, we have We have that A ij = 0 for every (i; j) 2 3 3 (k) because of the assumption on the rank of M (k) (1 k t). 2 
An Application to the Lifted Golay Code
The lifted Golay code G 24 over Z 4 is dened in [4] . G 24 is constructed from the cyclic code of length 23 with generating polynomial x 11 + 2x 10 + 3x 9 + 3x 7 + 3x 6 + 3x 5 + 2x 4 + x + 3 by appending 3 to the last coordinate of the generator vectors. G 24 is a self-dual code over Z 4 . It is shown that G 24 contains some 5-designs by using computer in [8] and [9] . Let C 0 be a Z 4 -code with the same symmetrized weight enumerator as G 24 . It is shown that the supports of the codewords with every given Lee composition of C 0 form a 5-design possibly with repeated blocks in [5] .
We apply Theorem 3 to G 24 (or C 0 ). The symmetrized weight enumerator of G 24 is given in [3] . We put it in Table 1 . The last column in Table 1 gives the value in t-(24; k; ) design and \3"means that the Lee composition (n 0 ; n 1 ; n 2 ) 6 2 0(G 24 ) there. [3] Hamming Lee composition Number of words The ranks of M(k) in Theorem 3 are computed by using computer. Remark. It was shown that the supports of the codewords with every given Lee composition of the lifted quadratic residue code of length 32 over Z 4 form a 3-design possibly with repeated blocks in [5] . Similarly we can show those facts for some Lee compositions. Shin, Kumar, and Helleseth [10] gave an Assmus{Mattson theorem for Z 4 -codes on the Hamming weight. Their theorem can nd 3-designs in some innite families of Z 4 -codes, but can not nd 5-designs in G 24 .
